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Negativity of quantumness and non-Markovianity in a qubit coupled to a thermal
Ising spin bath system
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We propose a scheme to characterize the non-Markovian dynamics and quantify the non-
Markovianity via the non-classicality measured by the negativity of quantumness. By considering
a qubit in contact with a critical Ising spin bath and introducing an ancilla, we show that revivals
of negativity of quantumness indicate the non-Markovian dynamics. Furthermore, a normalized
measure of non-Markovianity based on the negativity of quantumness is introduced and the influ-
ences of bath criticality, bath temperature and bath size on the non-Markovianity are discussed. It
is shown that, at the critical point, the decay of non-Markovianity versus the size of spin bath is
fastest and the non-Markovianity is exactly zero only in the thermodynamic limit. Besides, non-
trivial behaviours of negativity of quantumness such as sudden change, double sudden changes and
keeping constant are found for different relations between parameters of the initial state. Finally,
how the non-classicality of the system is affected by a series of bang-bang pulses is also examined.
PACS numbers: 03.65.Yz, 03.67.Mn, 75.10.Pq
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I. INTRODUCTION
Decoherence may occur everywhere and cause great
trouble in implementing quantum tasks. This is due to
the unavoidable coupling between any realistic quantum
system and its environment, which may lead fast destruc-
tion of quantum superposition [1, 2]. To understand
decoherence, the environment of a quantum system is
paradigmatically modeled as a many-body system, such
as a set of harmonic oscillators [3] or spins [4]. Much
attention has been paid to the spin baths, since quan-
tum spin systems play an important role in quantum in-
formation processing and condensed matter physics [5–
10]. Especially, decoherence quantified by the decay of
Loschmidt echo [11] can be greatly enhanced by a crit-
ical spin bath [5, 9]. Meanwhile, several schemes have
been proposed to deal with decoherence, including deco-
herence free subspace [12], quantum Zeno effect [13], and
dynamical decoupling [14], etc.
Recently, it has been realized that entanglement repre-
sents only a special kind of nonclassical correlation. Even
unentangled (separable) states show some nonclassical
phenomena, which can be captured by a new kind of
nonclassical correlation termed as quantum discord [15].
The original quantum discord is defined by the differ-
ence between the quantum mutual information and the
classical correlation [16, 17]. Other measures of discord
such as relative entropy of discord [18], geometric dis-
cord [19], trace-distance discord [20, 21] have also been
proposed based on the idea that the desired correlation
is the distance from a given state to the closest state
without the desired property. For pure states, discord
is equivalent to entanglement, while for general mixed
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states, it is more robust against decoherence than entan-
glement [22]. Rather than suddenly vanishing of entan-
glement in a finite time (entanglement sudden death [23])
under decoherence, the quantum discord vanishes asymp-
totically and may exhibit the phenomenon of sudden
change [24] or sudden transition [25]. Very recently, a
discord-like quantifier termed as negativity of quantum-
ness has also been proposed [26, 27] and experimentally
reported [28, 29]. Negativity of quantumness is the min-
imum negativity created between the system and the ap-
paratus which performs local measurements on subsys-
tems and thus quantifies the degree of non-classicality on
the measured subsystems determined by which and how
many subsystems are measured [27].
On the other hand, a precise description of the open
dynamics process is also desirable. When the environ-
ment is infinitely sized and weakly coupled to the quan-
tum system, the reduced system dynamics under Born-
Markov approximation can be treated as a Markovian
process and a master equation of Lindblad form can be
derived [30, 31]. The Markovian process should be mem-
oryless, and revival dynamics is usually referred to a sig-
nature of non-Markovian effect [32–34]
However, the non-Markovianity, which is a measure of
the degree of non-Markovian effect in open systems, is
usually difficult to calculate [33, 34] due to the optimiza-
tion over all pairs of initial states and the accumulation
of all information back flowed. In this paper, we propose
a scheme to characterize the non-Markovian dynamics
and explore the non-Markovianity via the non-classicality
measured by the negativity of quantumness, which may
be more convenient to calculate. By considering a qubit
coupled to a thermal Ising spin bath and introducing an
ancilla, we study the dynamics of non-classicality of the
qubit system. It is shown that revivals of the negativ-
ity of quantumnes can be treated as a signature of non-
Markovian dynamics. Moreover, we introduce a measure
2of the non-Markovianity based on the negativity of quan-
tumness and investigate the influences of bath criticality,
bath temperature and bath size on the non-Markovianity.
It is observed that the non-Markovianity converges to
zero very sensitively at the critical point as the bath size
is enlarged. Besides, it is also interesting to explore the
behaviour of the negativity of quantumness to compare
with that of other discord-like quantifiers where the phe-
nomenon of sudden change [24] or sudden transition [25]
may occur. We find non-trivial behaviours of negativity
of quantumness such as sudden change, double sudden
changes and keeping constant for different relations be-
tween parameters of the initial state. It is also shown
that the negativity of quantumness is greatly destroyed
by the critical spin bath. Therefore, we use the scheme
of dynamical decoupling (bang-bang control) to protect
the quantumness of the system.
This paper is organized as follows. In Sec. II, we intro-
duce the model as a qubit coupled to a thermal Ising spin
bath and derive the reduced dynamics analytically. By
introducing an ancilla, the non-Markovianity based on
the negativity of quantumness is discussed. In Sec. III,
we proceed to investigate dynamical properties of nega-
tivity of quantumness and how it is affected by the crit-
icality of the spin bath. Sec. IV is devoted to studying
how the non-classicality of the qubit system is affected
by a series of bang-bang pulses. A summary is given at
last in Sec. V.
II. NON-MARKOVIANITY OF AN OPEN
QUANTUM SYSTEM FROM A THERMAL SPIN
BATH
FIG. 1: (Color online) The qubit system S is disturbed by its
environment E which is modeled by a quantum Ising bath. To
describe the non-Markovian dynamics via the non-classicality
(negativity of quantumness), an auxiliary qubit termed as the
ancilla A is introduced to share certain amount of quantum
correlation with the system S.
We consider an open system represented by a qubit
(denoted as S) coupled to a thermal Ising spin bath (de-
noted as E) in a dephasing way [5–8], which is sketched
in the left part of Fig. 1. The Hamiltonian is given by
H0 = HS +HE +HSE with
HS = fσ
z
S ,
HE = J
N∑
i=1
(σxi,Eσ
x
i+1,E + hσ
z
i,E), (1)
HSE = ε
(IS − σzS)
2
⊗
N∑
j=1
σzj,E ,
where IS is the identity operator of the system S, σ
α
S
and σαi,E are the standard Pauli matrixes (in the basis
{| ↑〉, | ↓〉}) for the system S and the ith spin of the bath
E, respectively. The parameter f in HS is related to the
transition frequency and h in HE measures the strength
of external transverse field. The constant J characterizes
the coupling strength between nearest-neighbor spins of
the bath and ε denotes the coupling between the qubit
and its bath. The reduced dynamics of the system S is
exactly solvable as long as one knows the decoherence
factor
F(t) = Tr(ρEeiHE↑te−iHE↓t), (2)
with HE↑ = f + HE(h), HE↓ = −f + HE(h˜) and
h˜ = h + ε/J . Here, we assume the spin bath E
is in its thermal state, ρE = exp(−βHE)/ZE , where
ZE = Tr[exp(−βHE)] is the partition function and
β = 1/(κBT ) with κB the Boltzmann constant and T
the temperature. Then the explicit form of the decoher-
ence factor can be expressed as [5–7]
F(t) = ei2ft
∏
k>0
1
zk
{exp[2JβΛk(h)− igk]
×[cos g˜k + i sin g˜k cos(2αk)]
+ exp[−2JβΛk(h) + igk]
×[cos g˜k − i sin g˜k cos(2αk)]}, (3)
with zk = 2 cosh[2JβΛk(h)], gk = 2JΛk(h)t, and αk =
(θ˜k − θk)/2, where
Λk(h) =
√
(cos k + h)2 + sin2 k,
cos θk = (cos k + h)/Λk(h), (4)
sin θk = sin k/Λk(h),
and k = pi
N
, 3pi
N
, ..., (N−1)pi
N
. Here, it is worth noting that
g˜k and θ˜k have the same forms as gk and θk respectively,
simply by replacing h with h˜ = h+ ε/J .
The information exchange between the qubit and the
spin bath can be quantified by the Loschmidt echo [11].
The Loschmit echo that introduced in NMR experiments
to describe the hypersensitivity of the time evolution to
the environmental effects is defined by
L(t) = |F(t)|2. (5)
3A simple relationship between the Loschmidt echo
and the non-Markovianity has been found [35], i.e., a
monotonous decay of L(t) is a signature of Markovian
dynamics, while a increasing of L(t) at any time instant
is a direct signature of non-Markovian dynamics (back-
flow of information). Here, we proposed an alternative
manner via quantum correlation to describe the non-
Markovianity motivated by [34]. First, as is shown in
the right part of Fig. 1, an ancilla A (another qubit) is
introduced , which does not interact with SE but ini-
tially shares certain amount of quantum correlation with
the qubits S. In this sense, the total system SEA and
the subsystem SE both evolve unitarily and the ancilla
A does not evolve. Here, we use the quantum correlation
called negativity of quantumness [27] as a measure of
non-Markovianity, which is contractive under Markovian
channels and may be a suitable quantity for revealing the
environmental memory effect.
First, we briefly outline some concepts for the nega-
tivity of quantumness. The negativity of quantumness is
a measure of non-classicality which recently is theoreti-
cally proposed [26, 27] and experimentally reported [28].
It corresponds to the minimum negativity created be-
tween the system and the apparatus which performs local
measurements on subsystems. The negativity of quan-
tumness thus quantifies the degree of non-classicality on
the measured subsystems determined by which and how
many subsystems are measured [27]. When the measured
subsystem is a qubit (S here), the negativity of quantum-
ness measuring the non-classicality of subsystem S can
be expressed as
QS = ||ρSA − χS ||1, (6)
where ||X ||1 = Tr(
√
X†X) is the trace norm and a nor-
malization factor 2 has been multiplied. In this case,
the negativity of quantumness has a good geometric in-
terpretation such that it is also termed as the one-norm
geometric quantum discord [20, 21].
Then, by considering the optimal initial system-ancilla
state [34], i.e., an initial maximally entangled state, the
non-Markovianity can be defined in a similar way to
Ref. [33, 34] as
NQ =
∫
Q˙S>0
Q˙S dt =
∑
i
(
√
L(tmaxi )−
√
L(tmini )),(7)
where L(t) is the Loschmidt echo given by Eq. (5), and
tmaxi (t
min
i ) is the time point of the ith local maximum
(minimum) of L(t) during the time t ∈ (0, ∞). It should
be noted that the non-Markovianity may diverge [33] if
non-Markovian revivals are infinite. To avoid the diver-
gence, a normalized version of non-Markovianity [34] can
be introduced as IQ = NQ/(NQ + 1), which is a mono-
tonically increasing function of NQ such that IQ = 0 for
NQ = 0 and IQ = 1 for NQ = ∞. Here, we define an
alternative measure of normalized non-Markovianity as
N = max
{tj≥ti}
QS(tmaxj )−QS(tmini )
QS(0)−QS(tmini )
, (8)
which calculates the maximum reversal (backflow) of
quantumness in ratio to the total amount of quantumness
lost previously and thus quantifies the memory ability of
the environment. It is clear that N is bounded from zero
to unit, such that N = 0 when the system continuously
loses its quantumness, and N = 1 when the quantumness
of system is fully recovered to its initial value.
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FIG. 2: (Color online) (a) Non-Markovianity N as a function
of bath field h for the spin bath of N = 1200 at different
temperatures. (b) Non-Markovianity N versus the spin bath
N with different strength of the bath field at temperature
T = 10−3. Other parameters in the two panels are chosen as
κB = J = 1 and ε = 0.05.
In order to explore how the non-Markovianity N is
influenced by the properties of the spin bath such as
criticality, temperature and size, we first plot the non-
Markovianity N as a function of the transverse field
h of the Ising bath with different temperatures T in
Fig. 2(a). It is clearly seen from Fig. 2(a) that when
the temperature T is low (T = 10−3 and T = 0.1)
the non-Markovianity decreases sharply near the criti-
cal point hc = 1. As the temperature increases, the
non-Markovianity near the critical point decreases fur-
ther and will go to zero at higher temperature. Gener-
ally, the non-Markovianity at non-critical points decrease
and will also drop to near zero when the bath tempera-
ture is enhanced. However, there exists a region (h > 1.3
shown in Fig. 2(a)) where the non-Markovianity even in-
creases versus temperature at first (comparing the value
at T = 0.5 to that at T = 0.1) and decreases as the
temperature is further enhanced (comparing the value
at T = 0.9 to that at T = 0.5). It is also noted that
the non-Markovianity with finite sized spin bath may not
be zero at the critical point, which means that the dy-
namics is not exactly Markovian and certain revivals of
4quantumness is still allowed. In spite of the finite size
effect, the non-Markovianity in the critical region is the
most sensitive to the growth of bath size. To show this,
the non-Markovianity N with different strengths of bath
field versus the bath size N is plotted in Fig. 2(b). We
observe that the non-Markovianity decreases in a poly-
nomial manner at non-critical points. By contrast, it de-
cays in an near exponential manner at the critical point
(shown by the red curve), indicating the sensitivity of
non-Markovianity to the finite bath effect near the criti-
cal point and purely Markovian dynamics in the thermo-
dynamic limit.
III. DYNAMICS OF NEGATIVITY OF
QUANTUMNESS FROM THERMAL SPIN BATH
In this section, we proceed to investigate dynamical
properties of negativity of quantumness QS(t) and how it
is affected by the criticality of the spin bath. It is interest-
ing to explore the dynamics of the negativity of quantum-
ness and ensure that whether negativity of quantumness
behaves as other discord-like quantifiers where the phe-
nomenon of sudden change [24] or sudden transition [25]
may occur.
We assume the initial state of qubits SA is prepared
in a Bell diagonal state as [25]
ρSA(0) =
1
4
(ISA +
3∑
i=1
ciσ
i
S ⊗ σiA), (9)
with ci and σ
i denoting real coefficients and the standard
Pauli matrixes, and the spin bath has been in its thermal
equilibrium state. Then the reduced state of the two-
qubit subsystem SA at time t is given by
ρSA(t) =


a w∗
b z
z b
w a

 , (10)
where a = (1+c3)/4, b = (1−c3)/4, z = (c1+c2) |F(t)| /4
and w = (c1 − c2)F(t)/4. The state ρSA(t) above is not
a Bell diagonal state. However, under a local unitary
operation V = exp(−iφσzS/2)⊗ exp(−iφσzA/2), where φ
is the argument of the decoherence factor F(t), such that
ρ˜SA(t) = V
†ρSA(t)V =
1
4
(ISA+
3∑
i=1
ci(t)σ
i
S ⊗σiA), (11)
with c1(t) = c1 |F(t)|, c2(t) = c2 |F(t)| and c3(t) = c3, it
is again a Bell diagonal state. Since local unitary opera-
tions do not change quantum correlations, the negativity
of quantumness for the state (10) is then given by [27]
QS(ρSA(t)) = int{|c1(t)|, |c2(t)|, |c3(t)|}. (12)
It can be seen from Eq. (12) that the negativity of quan-
tumness depends on the relations between the coefficients
ci of the state.
0 1 2 3 4 5 6
Jt
0.1
0.2
0.3
0.4
0.5
S(a)
0 1 2 3 4 5 6
Jt
0.1
0.2
0.3
0.4
0.5
S(b)
0 1 2 3 4 5 6
Jt
0.1
0.2
0.3
0.4
0.5
S(c)
FIG. 3: (Color online) Dynamics of negativity of quantum-
ness QS as a function of rescaled time Jt in different regions
with different relations between the coefficients ci of the ini-
tial state. Non-trivial variations of QS are presented in three
regions (a) h ≪ 1 (h = 0.1), (b) h ≃ 1 (h = 1) and (c)
h ≫ 1 (h = 2). The blue-dashed curers (c1 = 0.5, c2 = 0.3
and c3 = 0.9), purple-dotted curves (c1 = 0.9, c2 = 0.3
and c3 = 0.5) and red-solid curves (c1 = 0.9, c2 = 0.5
and c3 = 0.3) correspond to cases (i) |c3| > |c1|, |c2|, (ii)
|c1| > |c3| > |c2| and (iii) |c1|, |c2| > |c3|, respectively. In
the three panels, other parameters are chosen as N = 1200,
T = 0.5, ε = 0.05, J = κB = 1.
(i) If |c3| > |c1|, |c2|, the negativity of quantumness
reads as QS(t) = c0
√
L(t) with c0 = min{|c1|, |c2|},
which is exactly the square root of Loschmidt echo multi-
plied by a constant factor. In this case, any revival of neg-
ativity of quantumness is a signature of non-Markovian
effect. It can be seen from the blue-dashed curves in
Fig. 3(a-c) that the decay of QS(t) can be explicitly re-
vivable, be significantly enhanced, and be greatly sup-
pressed, in the regions h ≪ 1, h ≃ 1 and h ≫ 1 respec-
tively.
(ii) If |c1| > |c3| > |c2| or |c2| > |c3| > |c1|, then in
the regions h ≪ 1 or h ≫ 1, QS(t) equals to c3, which
is a constant and shown by the purple-dotted curve in
Fig. 3(a) and (c). This means that the decoherence is not
such strong that disturbs the negativity of quantumness
5in this two non-critical regions. However, in the criti-
cal region h ≃ 1, the decoherence is enhanced rapidly
and strong enough to destroy the negativity of quantum-
ness and then the phenomenon of sudden change [24] of
quantum correlation occurs. After keeping constant for
a while, the negativity of quantumness starts to decay
suddenly (sudden change), which is shown by the purple-
dotted curve in Fig. 3(b).
(iii) If |c1|, |c2| > |c3|, the dynamics of QS(t) is highly
dependent on the criticality of the spin bath. Different
characteristic behaviours exist respect to different regions
of external field h of the spin bath. As is displayed by
the red-solid curves in Fig. 3(a-c), the dynamics of QS(t)
can exhibit explicit non-Markvian revivals, double sud-
den changes and immunity to decoherence decay in the
regions h≪ 1, h ≃ 1 and h≫ 1 respectively. It is worth
noting that this type behaviour of environment-induced
double sudden changes has been experimentally reported
very recently [29].
Overall, the dynamics of negativity of quantumness
QS(t) depends on both the initial state parameters ci
and the external field h. Some interesting results can
be drawn until now. First, the negativity of quantum-
ness is not disturbed in the regions h ≪ 1 or h ≫ 1 for
certain values of ci. Second, the decoherence is qualita-
tively enhanced by the quantum phase transition of spin
bath leading to phenomena of fast decay, sudden change
and double sudden changes for different collocations of
ci. Finally, the negativity of quantumness can also be
well preserved by enhancing the external field h to far
away from the critical point.
IV. DYNAMICAL DECOUPLING FROM
THERMAL SPIN BATH
̟-phase pulses
∆t
τp
FIG. 4: Bang-bang control scheme: pi-phase pulses of con-
stant amplitude pi/(2τp) with each duration τp are applied
periodically to the system S which lead to nearly instant spin
flips. Here ∆t denotes the interval of adjacent pulses.
In the section above, we have shown that the negativity
of quantumness can be seriously destroyed by the criti-
cal spin bath (see Fig. 3b). It is then necessary to find
efficient ways to protect the quantumness of a quantum
system. In this section, we utilize a dynamical decoupling
technique to modulate the dynamics of QS(t). The dy-
namical decoupling techniques have been shown to effec-
tively prevent quantum systems from decoherence [8, 14].
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FIG. 5: (Color online) (a) Negativity of quantumness QSN as
a function of rescaled time Jt with (dashed and dot-dashed
curves) and without (solid and dotted curves) pulses control
at near zero temperature (red curves T = 10−3) and at fi-
nite bath temperature (blue curves T = 5). (b) Negativity of
quantumness as a function of rescaled time Jt under pulses
control with different frequencies (dashed, dotted and dot-
dashed curves corresponding to T = 0.4, 0.2, 0.1 respectively)
and without pulses control (solid curve) for specific bath tem-
perature T = 0.5. In the two panels, other parameters are
chosen as N = 1200, ε = 0.25, h = J = κB = 1, c1 = c2 = 0.6
and c3 = 0.8.
Here we apply a sequence of bang-bang pulses (pi-pulses
control sketched in Fig. 4) to the qubit S, where each
pulse of duration τp causes an instant spin flip after ev-
ery normal evolution interval ∆t. The Hamiltonian under
pulses control is then given by
H = H0 +Hp, (13)
with
Hp =
pi
2τp
∞∑
n=0
θ(t−∆t− tn)θ(tn +∆t+ τp − t)σxS , (14)
where θ(x) is a step function of x and tn = n(∆t + τp).
Treating twice pulse actions as a complete cycle, the dy-
namical evolution of a complete cycle can be expressed
as
Uc(T ) = U(t2(n+1), t2n) = U(τp)U0(∆t)U(τp)U0(∆t),
(15)
with U0(∆t) = exp(−iH0∆t) and U(τp) = exp(−iHτp)
describing the evolution operators during the normal evo-
lution and the action of pulse, respectively. We consider
each pulse contributes an instant spin flip, i.e., τp → 0,
in terms of which the evolution operator U(τp) can be
approximated to
U(τp) ≃ Up = exp(−ipi
2
σxS), (16)
6and T ≃ 2∆t. At time t = MT + t′ with M the integer
part and t
′
the remainder, the dynamical evolution is
generally dictated by
U(t) =
{
U0(t
′
)[Uc(T )]M ; t′ < ∆t
U0(t
′ −∆t)UpU0(∆t)[Uc(T )]M ; t′ > ∆t
(17)
If we focus on small interval ∆t and stroboscopic time
points t = MT with M the number of complete pulse
cycles, the dynamical evolution at these time points can
be equivalent to
U(t) = [Ueff(T )]M = exp(−iHefft), (18)
with the effective Hamiltonian [7]
Heff = HE(h¯) + J
εT
4
σzS ⊗
N∑
j=1
(σyj,Eσ
x
j+1,E + σ
x
j,Eσ
y
j+1,E),
(19)
where h¯ = h+ εJ/2. In this case, we obtain the effective
decoherence factor
Feff(t) =
∏
k>0[1− 2n2x sin2 gp + 2inx sin2 gp
×(ny cos θk − nz sin θk) tanh(2JβΛk)], (20)
with
nx =
Jε sin k/2
Λp
, ny =
sink
Λp
,
nz =
cos k + h¯
Λp
, gp = 2JΛpt, (21)
where Λp =
√
(cos k + h¯)2 + (1 + ε2T 2/4) sin2 k.
The dynamics of negativity of quantumness between
S and A with and without pulses control at near zero
temperature (T = 10−3) and at finite bath temperature
(T = 5) is plotted in Fig. 5(a). It is seen that the negativ-
ity of quantumness decays very fast at the critical point
of spin bath when without pulses control. By contrast,
under pulses control, the negativity of quantumness can
be preserved to a quasi-steady value with tiny oscilla-
tions. Moreover, the quasi-steady value at finite temper-
ature differs slightly from that at near zero temperature,
which means the pulses control is robust against the tem-
perature of environment. To see the effect of frequency of
pulses action, we also plot the dynamics of negativity of
quantumness under pulses control with different frequen-
cies at specific bath temperature T = 0.5 in Fig. 5(b). It
is clearly seen that the quasi-steady value of the nega-
tivity of quantumness is enhanced and the oscillations
are weaken when the frequency of pulses increase (corre-
sponding to the decrease of the period T for a complete
cycle). It is not difficult to conclude that the negativity
of quantumness can be kept at its initial value as the fre-
quency increases to a suitable value, which indicates that
the quantumness of the system S has been fully protected
from decoherence in that situation.
V. CONCLUSIONS
In summary, we have proposed a scheme to charac-
terize the non-Markovian dynamics and quantified the
non-Markovianity via the non-classicality measured by
the negativity of quantumness. As an illustrative model,
we employ a dephasing model consisting of a qubit cou-
pled to a thermal Ising spin bath and study the non-
classicality of the qubit system by introducing an an-
cilla. It is shown that revivals of the negativity of quan-
tumnes can be treated as a signature of non-Markovian
dynamics. Furthermore, we introduce a measure of the
non-Markovianity based on the negativity of quantum-
ness and discuss the influences of bath criticality, bath
temperature and bath size on the non-Markovianity. It
is found that the non-Markovianity with finite sized spin
bath may not be zero at the critical point, which means
that the dynamics is not exactly Markovian and certain
revivals of quantumness is still allowed. However, at the
critical point, the non-Markovianity is the most sensitive
to the bath-size effect. The non-Markovianity decreases
in a polynomial manner at non-critical points while it de-
cays in an near exponential manner at the critical point,
indicating purely Markovian dynamics in the thermody-
namic limit.
Besides, we also find non-trivial behaviours of negativ-
ity of quantumness such as sudden change, double sud-
den changes and keeping constant for different relations
between parameters of the initial state. Finally, we ap-
ply a series of bang-bang pulses to suppress the decay of
non-classicality and identify that the negativity of quan-
tumness can be effectively preserved against the thermal
spin bath.
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